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Abstract 

Composite materials have been widely used due to their lightweight capability. For 
different industrial applications, hybrid beams have been designed to combine the 
potential advantage of each layer; for instace, for aeronautical structures it is usual to 
combine Glass Fiber Reinforced Plastic (GFRP) and aluminum layers. In this article a 
three layer beam is considered, a medial layer is made of GFRP and the other layers are 
made of aluminum. A detailed discusison about a semi-analytic procedure to evaluate 
the residual stress in such structure is presented, analising the influence of fiber volume 
fraction on the GFRP layer and the layers thickness. The results indicate the possibility 
of growing up plastic residual stresses in the aluminum layers. 
 

1. INTRODUCTION 
Combinations of unidirectional GFRP (Glass Fiber Reinforced Plastic) laminas and 

thin aluminum-alloy plies were used as the composite material in this article. The 
application of large bending moment loads, for instance, can yield the aluminum plies 
of a composite beam, generating a residual stresses distribution along its cross section. 
In this article a semi- analytical approach is proposed, based on Mechanics of Solids, to 
estimate the cross section elastoplastic residual stress distribution in composite beams 
submitted to large bending moments. The metallic layers were modelled considering 
isotropic elastic-perfectly plastic behavior, while GFRP plie was modelled as linear-
elastic with transversally isotropy on the fibers plane. The Euler-Bernoulli hypotheses 
were utilized to develop the proposed analytical model as in Crandall [1] and Vinson 
and Sierakowski [2]. 
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2. ANALYTICAL MODEL 
 

Considering a symmetric composite beam lay-up with three layers, where the central 
layer was made of GFRP and the extremities ones were made of aluminum, submitted 
to pure bending moment, as illustrated in Fig. 1.  

 
-   

- Figure 1: Three layers composite beam 
-  

The maximum bending moment applied in this beam is limited, by hyphotesis, to 
avoid the failure of the GFRP layer. Assuming that GFRP has a smaller strength in 
compression than in tension Barbero [3], the maximum allowable stress in this layer 
must be equal to its compressive strength, computed by the following equation as Lo & 
Chim [4] 
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Where EG  and GG  are the longitudinal elastic modulus and the in-plane shear modulus 
of the GFRP layer, respectively, estimated by 
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where fV  is the fiber volume fraction, Ef and Em  are the fiber and matrix longitudinal 

elastic modulus;  fG  and mG  are the fiber and matrix shear modulus. 
If the bending moment is such as the whole aluminum layers yield, this bending 

moment is the maximum that can be applied to avoid the failure of the GFRP layer  
 

 

 (4) 

  

where b  is the beam width, Gt  and At  are, respectively, the GFRP and aluminum layers 

thicknesses  and yS  is the aluminum yield strength. 
The cross section stress distribution in this limit situation is shown in (5.a) 
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  (5.a) 
 

 

 
  (5.b) 

  
where load G GEI E I=  is the equivalent bend stiffness during the load and 

3 12/G GI bt=  is the second moment of inertia of the GFRP layer. 
The unload, or springback, is mathematically equivalent to the application of a  

moment with the same magnitute and oposite direction. Thus, the residual stress is 
computed using the superposition principle.  

In an intermediary situation where the aluminum thicknesses aren’t totally yielded     
*t < tA (see Fig. 2), the following equations must be satisfied 
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where unload A A G GEI E I E I= +  is the equivalent bend stiffness during the unload 

and 3 32 12*[( ) ] /A GI b h t t= − −  is the second moment of inertia of the aluminum layer. 

To obtain the magnitude of k  and *t , a simple iterative procedure was implemented 
in MATLAB. Note that this is the unique numerical step of the present study.  
 
 

 
(a)                  (b) 

Figure 2: Composite beam cross section, (a) before loading and (b) after unloading 

Once the parameters k  and *t are obtained, the stresses of the unload process is 
estimated: 
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Using Eq.(5.b) and Eq.(8), the residual stress cross section distribution can be 

estimated as 
 

residual load unloads s s= +    (9) 

 
3. RESULTS AND DISCUSSION 
 
In this analysis, the elastic and shear modulus of the glass fiber and of the epoxy 

matrix are, respectively: 87fE GPa=  and 36 25.fG GPa= ; 3 2.mE GPa=  and 

1 18.mG GPa=  as in Kaddour and MJ Hinton [5]. The elastic modulus and the yield 

strength of the aluminum are 72 4.AE GPa=  and 345yS MPa= as in Abouhamzeh [6]. 
The beam cross section has the width 10b mm=  and height 10h mm= . Figure 3 shows 
the stress distribution along the beam height for different values of fiber volume 
fractions; each one of them represents a different ratio between the GFRP and 
aluminum thicknesses.  
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(a) 

 
(b) 

 
(c) 

Figure 3: Stress distribution along the beam height (load, unload and residual) 
according to: (a) 0 1.Gt h= , (b) 0 5.Gt h= and (c) 0 9.Gt h=  

 
Note in Fig.3.c the red lines indicate the possibility of residual plastic stress for 

laminates with thicker GFRP layer and higher fiber volume fraction.  
 
A detailed analysis for the laminate with 0 9.Gt h=  is presented in Fig.4. In Fig. 4.a 

shows the contour map of stress for the load application, Fig. 4.b shows the contour 
map of stress during unload, which is equivalent to a second load, with the same 
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magnitude but with oposite direction and Fig. 4.c shows the contour map of residual 
stress distribution.  

 

  
(a) (b) 

 
(c) 

 
Figure 4: Contour map of the stress distibution ( 0 9.Gt h= ): (a) load, (b) unload and (c) 
residual stresses 
 
 

Note that the scale of collors was parameterized using σ/Sy  and the whole aluminum 
layers yield during the load. The horizontal lines on the unload and on the residual maps 
indicate the yield during the unload step (note for  0 45.fV > ). As Fig. 4 shows the 
possibility of plastic residual stress distribution, the main question to be answered is 
under which conditions the yield during unload could occur.  

 
 
 
Figure 5 shows for various combinations of Gt  and fV  which ones generate an 

elastoplastic residual stress distribution along the beam thickness.  
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Figure 5: Map indicating for each combinations of fV  and Gt  there exist plastic 

residual stress. 
 
It is possible to recognize that even for very small values of fiber volume fraction it 

is possible to have a plastic residual stress for high values of GFRP thicknesses. 
 
 
4. CONCLUSIONS 

 
A semi-analytical model, based in mechanics of solids, was proposed to investigate 

the behavior of a composite beam, made of plies of aluminum and GFRP, submitted to 
large value of pure bending moment. Different plies thicknesses and different fiber 
volume fractions on the GFRP layer were implemented. It was concluded that both 
variables, fiber volume fraction on the GFRP layer and the layers thickness, can 
produces significative effects in the beam cross section residual stress distribution. Also, 
for high bending moments it was verified that the aluminum plies can yield even during 
unloading. 
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