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Abstract
This paper deals with the first step required for composite design: the equivalent
macromechanical properties according to the constituents. Assuming a transversally isotropic
lamina, the material has five independent properties, namely longitudinal and transversal
elastic modulus, in-plane and out-of-plane shear modulus and in-plane Poisson ratio. The
longitudinal elastic modulus has a very reasonable prediction by the well-known Rule of
Mixtures. On the other hand, the transversal elastic modulus estimative by the same model is
poor compared with experimental data. There exist many additional proposed models,
therefore all of them are based in hypotheses that usually are not true for real composites, as
unit cell symmetry. Due to this fact, the predictions of the following nine models are
evaluated: Asymptotic Homogenization with hexagonal unit cell, Asymptotic
Homogenization with square unit cell, Bridging, Chamis, Generalized Self Consistent,
Halpin-Tsai, modified Halpin-Tsai, Mori-Tanaka and Rule of Mixture. To stablish a
comparison, a set of 65 experimental data are compiled from the literature. A semi-empirical
modification of the Rule of Mixture is proposed based in a statistical adjust of the
experimental data.
1.

INTRODUCTION

The capability to estimate macromechancal properties of a unidirectional composite using
the constituent data is a fundamental tool for composite design advance. Despite the recent
advance of failure modelling due to the World Wide Failure Exercise [1-3], there is still a
considerable lack of knowledge about the estimation of different micromechanical models,
mainly for transversal elastic properties and strengths. The present paper is intended to
provide a comparison between 10 models, 5 semi-empirical and 5 elasticity-based, and 65
experimental data for the transversal elastic modulus ( E 2 ).
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It is evident that the elasticity-based models have a physical basis much more consistent
than the semi-empirical ones. Nevertheless, the goal of this comparative study is to evaluate
which models, and consequently, which assumptions are more representative of the real
structure. Figure 1 shows a microscopy image of a unidirectional lamina. The fiber
distribution indicates an asymmetric pattern. Additionally, if a square unit cell is defined, the
fiber volume fraction is dependent of where this square is located. Hence, the adjustable
factors of semi-empirical model may represent a reasonable approximation for general
laminae.

Figure 1: Microscopy of a real unidirectional lamina without simmetric arrangement [4].

2.

ANALYTICAL MODELS

The analytical models presented in the literature are usually separated in two different
approaches: semi-empirical and elasticity-based. In this study, the Rule of Misture, Chamis
and Halpin-Tsai are semi-empirical, while Asymptotic Homogenization, Bridging,
Generalized Self Consistent and Mori-Tanaka are elasticity-based. For simplicity, just the
equations for semi-empirical models are completely defined and a brief explanation about the
main idea of the elasticity-based models is presented.
The Rule of Mixture (ROM) is the simplest model and it is based on the idea of
considering fibers and matrix as springs in series or in parallel, according to the applied load.
For the longitudinal elastic modulus, this assumption works very well, since there is not
abrupt perturbation on the stress and strain fields when a longitudinal load is applied (on the
elastic range), and the lamina behaviour is similar to springs in parallel. For transversal load,
the stress and strain fields are highly perturbed by the fibers distribution. Therefore, even with
this limitation in mind, transversal elastic modulus is estimated using a simplified 2D
geometry as [5]

E2 =

E 2f E m

(1)

E 2f (1 − V f ) + E mV f

where E m is the matrix elastic modulus, E 2f is the fiber transversal elastic modulus and

V f is the fiber volume fraction.
The Chamis model (Ch) [6] proposes consider the nonlinear effect of the fiber and void
volume fraction replacing V f by its square root

(1 − Vv )V f . Hence, the Chamis model uses

the following equation
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E2 =

(2)

Em
1 − (1 − Vv )V f [1 − (E m / E 2f )]

For this study, it is considered two different void contents: Vv = 0 and Vv = 2.5% .
The Halpin-Tsai model (HT) [7] includes an adjustable parameter, ζ E , fitted according to
2

experimental data. The transversal elastic model is estimated by
 1 + ζ E ηE V f
2
2
E2 = E m 
 1 − ηE V f
2







(3)

where

ηE =
2

(4)

(E 2f / E m ) − 1
(E 2f / E m ) + ζ E

2

Halpin & Kardos [8] suggest that in absence of experimental data for proper calibration,
this parameter may be computed by
(5)

ζ E = 2 + 40V f 10
2

Recently, Ginet et al.[9] carried out a numerical study with nonperiodic fiber distribution
and callibrated this parameter using the following equation

ζE

2

4.924 − 35.888V + 125.118V 2 − 145.121V 3 if V < 0.3
f
f
f
f
=
18
if V f ≥ 0.3
1.5 + 5500V f


(6)

In the present study, the use of Halpin-Tsai model with Eq.(6) is named modified HalpinTsai (HTm).
The proposed semi-empirical model is based in a modification of the Rule of Mixture and
on the Halpin-Tsai idea to add a calibration parameter. The following equation is proposed


1
E2 = E 
 1 + ξ [(E m / E f ) − 1]V
E2
f
2

m






(7)

where ξE is the calibrated term. Note that ξE = 1 reproduces the Rule of Mixture. Unlike
2

2

the Halpin-Tsai model, which consider just the influence of V f on the calibration, the present
model also consider the ratio E m / E 2f . Using the Levenberg-Marquardt [10] to calibrate this
term, it is suggest using

ξE =0.6897 + 0.4185V f − 0.0036(E 2f / E m ) 


2

−2

(8)

The main ideas of the elasticity-based models are:
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(i) Asymptotic Homogenization (AH): using an asymptotic expansion of the displacement
field and satisfy the boundary condition, according to the unit cell geometry, square (Ahs)
[11] or hexagonal (Ahs) [12]; despite the need of infinity series to compute the proprieties,
just the first two terms are necessary to convergence [13].
(ii) Bridging (Br): there exist two different approaches, one is based on the Generalized
Self Consistent and the other on the Mori-Tanaka, therefore its main advance is the capability
to implement nonlinear effects, like damage, using the bridging tensor [14].
(iii) Generalized Self Consistent (GSCM): this model assumes that fiber and matrix are
approximately represented by concentric cylinder; by this hypothesis, a geometrically
compatible displacement is proposed for each load and at last the average stress and strain
fields are computed [15].
(iv) Mori-Tanaka (MT): the key point of this model is the eigenstrain concept and the
Eshelby inclusion theory [16] and the definition of forth order tensors to relate the strain fields
on the constituents [17].
3.

RESULTS AND DISCUSSION
A set of 65 experimental data of E 2 was compiled from the literature [18-32] for the

following comparison. Two different approaches are used for evaluation: the average error
considering all the data available and the ranges of error, defining smaller than 10%, between
10% and 20%; between 20% and 30%, between 30% and 40%, between 40% and 50% and
higher than 50%. The first one gives a value easier to compare, while the second offer a useful
measure which is able to check if the average error is representative or not. For instance, if
one data has a discrepant error, the average value is highly influenced, while the ranges allow
a better representation. The results with both methodologies are presented in Figure 2 and
Figure 3. The following conclusions are highlighted from these figures:
i) The semi-empirical model, namely est(ROM) on the graphics, is the unique model able
to estimate more than 50% of the cases with an error smaller than 10% and to obtain an
average error smaller than 15%.
ii) The void content does not result in a representative alteration on the Chamis model
prediction.
iii) The modified Halpin-Tsai obtained a considerable amount of cases with errors higher
than 50%, increasing the average error. Comparing with the classical Halpin-Tsai model,
there is no advantage in this new equation for ζ E .
2

iv) All the elasticity-based models had a similar prediction, but the semi-empirical models
(except the Rule of Mixture) obtained a smaller error. This result indicates the capability of
application of this simplified approaches.
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Figure 2: Ranges of error of the models estimations

Figure 3: Average error of the models estimations
Several different manufacture processes were adopted for the compiled data. By this fact, a
wide array of defects probably exists. For advanced manufactures, it is expected that the
elasticity-based models become closer to the measured property, since none of them considers
defects influence and the adjustable semi-empirical model considers this effect implicitly with
calibrated terms.
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Figure 4: Comparision between models predictions and experimental data for carbon fiber
[20,25].

Figure 5: Comparision between models predictions and experimental data for glass fiber
[21,30].
To evaluate how E 2 varies according V f , the models estimations are plotted together with
the set of data presented by Kris & Stinchcom [20] and Huang [25], Xin et al. [32] and Tsai &
Huhn [21] in Figures 4-5. The reference and the fiber type are quoted over the figures. The
main conclusions are:
i) The modified Halpin-Tsai model has a good representation of the experimental data for
carbon fibers, while for glass fibers this model tends to overestimate the transversal elastic
modulus.
ii) The Bridging and Mori-Tanaka models have an estimation between the Asymptotic
Homogenization with square and hexagonal symmetry.
iii) Based on the results of the Asymptotic Homogenization, the square symmetry results in
a higher transversal modulus than the hexagonal.
iv) The proposed semi-empirical model is able to reproduce the experimental data with
good precision.
3.

CONCLUSIONS

This paper presents a comparative analysis of 10 different micromechanical models to
estimate the transversal elastic modulus. The models predictions are compared with a set of
6
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65 experimental data compiled from literature. A semi-empirical model is proposed and a
good correlation with experimental data is realized. This model obtained the smallest average
error as well as the highest amount of case with error smaller than 10% (more than 50% of the
cases).
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